TWISTORS OF ALMOST QUATERNIONIC MANIFOLDS 
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Abstract. We investigate the integrability of almost complex structures on the twistor 
space of an almost quaternionic manifold constructed with the help of a quaternionic con- 
nection. We show that if there is an integrable structure it is independent on the quaternionic 
connection. In dimension four, we express the anti-self-duality condition in terms of the Rie- 
mannian Ricci forms with respect to the associated quaternionic structure. 
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1. Introduction and statement of the results 

An almost hyper-complex structure on a 4n-dimensional manifold M is a triple H = 
{Ja),a = 1,2,3, of almost complex structures Jq, : TM — > TM satisfying the quaternionic 
identities = —id and J1J2 = —J2J1 = Js- When each Jq, is a complex structure, H is said 
to be a hyper complex structure on M. 

An almost quaternionic structure on M is a rank-3 subbundle Q C End{TM) which is lo- 
cally spanned by an almost hyper-complex structure H = {J a)- Such a locally defined triple 
H is called an admissible basis of Q. A linear connection V on TM is called a quaternionic 
connection if V preserves Q, i.e. Vxc S r(Q) for all vector fields X and smooth sections 
a € r(Q). An almost quaternionic structure is said to be quaternionic if there is a torsion-free 
quaternionic connection. A Q-hermitian metric is a Riemannian metric which is Hermitian 



Date: 2nd February 2008. 

Partially supported by a Contract 154/2005 with the University of Sofia "St. Kl. Ohridski 

1 



2 



STEFAN IVANOV, IVAN MINCHEV, AND SIMEON ZAMKOVOY 



with respect to each almost complex structure in Q. An almost quaternionic (resp. quater- 
nionic) manifold with Q-hermitian metric is called an almost quaternionic Hermitian (resp. 
quaternionic hermitian) manifold 

For n = 1 an almost quaternionic structure is the same as an oriented conformal structure 
and it turns out to be always quaternionic. The existence of a (local) hyper-complex structure 
is a strong condition since the integrability of the (local) almost hyper-complex structure 
implies that the corresponding conformal structure is anti-self-dual 

When n > 2, the existence of torsion-free quaternionic connection is a strong condition 
which is equivalent to the 1-integrability of the associated GL{n,'H.)Sp{l) structure |8l [22l 
1^ . If the Levi-Civita connection of a quaternionic hermitian manifold {M,g,Q) is a 
quaternionic connection then (M, g, Q) is called a Quaternionic Kahler manifold (briefly QK 
manifold). This condition is equivalent to the statement that the holonomy group of g is 
contained in Sp{n)Sp{l) 00 ESI 123 EI- If on a QK manifold there exists an admissible 
basis (H) such that each almost complex structure (Jq) G {H),a = 1,2,3 is parallel with 
respect to the Levi-Civita connection then the manifold is called hyperKahler (briefly HK). 
In this case the holonomy group of g is contained in Sp(n). 

The various notions of quaternionic manifolds arise in a natural way from the theory of 
supersymmetric sigma models as well as in string theory. The geometry of the target space of 
two-dimensional sigma models with extended supersymmetry is described by the properties 
of a metric connection with torsion ^Sl ^M- The geometry of (4,0) supersymmetric two- 
dimensional sigma models without Wess-Zumino term (torsion) is a hyperKahler manifold. 
In the presence of torsion the geometry of the target space becomes hyperKahler with torsion 
(briefly HKT) This means that the complex structures Ja,a = 1,2,3, are parallel 

with respect to a metric quaternionic connection with totally skew-symmetric torsion 
Local (4,0) supersymmetry requires that the target space of two dimensional sigma models 
with Wess-Zumino term be either HKT or quaternionic Kahler with torsion (briefly QKT) 
[21] which means that the quaternionic subbundle is parallel with respect to a metric linear 
connection with totally skew-symmetric torsion and the torsion 3-form is of type (1,2)-|-(2,1) 
with respect to all almost complex structures in Q. The target space of two-dimensional (4,0) 
supersymmetric sigma models with torsion coupled to (4,0) supergravity is a QKT manifold 

m- 

The main object of interest in this article are properties of the twistor space of an almost 
quaternionic manifold. The twistor space Z is the unit sphere bundle with fibre S*^ consisting 
of all almost complex structures compatible with the given almost quaternionic structure Q. 
We consider two almost complex structures lY , 1^ on the twistor space Z over an almost 
quaternionic manifold generated by a quaternionic connection V. The structure was 
originally constructed for four- dimensional Riemannian manifold in [Hj, I^'' is described in 
|11| . In both cases the horizontal space of the Levi-Civita connection is used. It is shown in 
[HI that if^ is integrable exactly when the conformal structure is ant-self-dual while in 
the non-integrability of 1^^ is proved. The integrability of I^" for quternionic Kahler space 
is established in [SHj and then it is generalized for quaternionic manifold in [23]. For HKT 
and QKT spaces the integrability of if is proved in ^H] and ^H], respectively. Hermitian 
and Kahler geometry of the twistor space is investigated in ^21 ES]- The almost hermitian 
geometry of the twistor space over a 4-dimensional Riemannian manifold is studied in [10] . 
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The almost hermitian geometry of the twistor space over a quaternionic Kahler manifold, 
HKT and QKT spaces is considered in |3l 

In the present note we investigate the dependence on the quaternionic connection of these 
naturally defined almost complex structures on the twistor space over an almost quaternionic 
manifold. We obtain conditions on the quaternionic connection which imply the coincidence of 
the corresponding almost complex structures f Corollary 13. 3| Corollary 13 ■2p . We show that the 
existence of an integrable almost complex structure on the twistor space does not depend on 
the quaternionic connection and it is equivalent to the condition that the almost quaternionic 
4n-manifold is quaternionic for n > 2 (Theorem 13. 7| Theorem I3.inp . In particular, we show 
that the integrable almost complex structures I^" and lY on a QKT space coincide. 

In dimension four we find new relations between the Riemannian Ricci forms, i.e. the 2- 
forms which determine the 5p(l)-component of the Riemannian curvature, which are equiv- 
alent to the anti-self-duality of the oriented conformal structure corresponding to a given 
quaternionic structure fTheorem l3.6p . 

2. Preliminaries 

Let H be the quaternions and identify H" = R^*^. To fix notation we assume that H acts 
on H" by right multiplication. This defines an antihomomorphism 

A : {unit quaternions} = 
= {x + jiy + j2Z + hw \ + + + = 1} — > 50(4n) C GL{4n, R), 

where our convention is that S'0(4n) acts on H" on the left. Denote the image by Sp{l) and let 
jO = -A(ii), = -A(i2), ^3 = -A(j3). The Lie algebra of is sp{l) = span{J^, J^, J^} 

and we have 

t02 _ t02 _ t02 _ 1 tO tO _ tO tO _ tO 

— J2 — -"a — "^1 "^2 ~ •^2'^! ~ '^3- 

Define GL{n,H) = {A e GL(4n,R) : A{sp{l))A-^ = sp{l)}. The Lie algebra of GL{n,H) 
is gl{n,H) = {A e 5/(4n,R) : AB = BA for all B G sp{l)]. 

Let (M, Q) be an almost quaternionic manifold and H = {Ja),a = 1,2,3 be an admissible 
local basis. Let B € A^(TM). We say that B is of type (0, 2)j^ with respect to Ja if 

B{JaX,Y) = -JaB{X,Y)- 
2 2 

We denote this space by Aj^ . The projection B is given by 

(X, y) = i {B{JaX, JaY) - B{X, Y) - JaB{JaX, Y) - JaB{X, JaY)) . 

2 

For example, the Nijenhuis tensor Na £ Aj^ . 

We denote the space of quaternionic connections on an almost quaternionic manifold by 
A(Q). 

Let V G A(Q) be a quaternionic connection on an almost quaternionic manifold (M, Q). 
This means that there exist locally defined 1-forms Wq, a = 1, 2, 3 such that 

(2.1) \/Ja = -UJb^Jc + i^c^Jb- 

Here and further (a, 6, c) stands for a cyclic permutation of (1,2,3). 
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It follows from H2.1|l that the curvature of any quaternionic connection V G A(Q) 
satisfies the relations 

(2.2) [R^,Ja] = -Ab®Jc + Ac®Jb, Aa = duJa + iObAuJc. 

The Ricci 2-forms of a quaternionic connection are defined by 

p!{X,Y) = -\Tr{Z JaR^{X,Y)Z) , a = 1,2,3. 
It is easy to see, using (|2.2|1 . that the Ricci forms are given by 

We split the curvature of V into (?/(n, i7)-valued part (R^)' and sp(l)-valued part (R^)" 
following the classical scheme (see e.g. 01 El CI) 

Proposition 2.1. The curvature of an almost quaternionic connection on M splits as follows 
R^iX,Y) = {R^yiX,Y) + ^{pYiX,Y),h+p'!{X,Y)J2 + p'!iX,Y)J,), 

[{R^yiX,Y),Ja]=0, a = 1,2, 3. 

Let Q be the curvature 2-form and the torsion 2-form of V on the principal GL{n, H)Sp{l)- 
bundle Q(M), respectively ((Snj). We denote the splitting of the gl{n,H) © sp(l)-valued 
curvature 2-form Q on Q(M) according to Proposition 12. If by = 0' + O", where Q' is a 
gl{n, H)-yalued 2-form and is a sp(l)-valued form. Explicitly, 

where 0.'^,a = 1,2,3, are 2-forms. If ^,77,C € R^", then the 2-forms ^a,a = 1,2,3, are given 
by 

(2.3) n'^iB{C),B{r])) = ^pa{X,Y), X = u{i) ,Y = u{r,) . 

In 

3. TWISTOR SPACE OF ALMOST QUATERNIONIC MANIFOLDS 

In this section we adapt the setup from [23 jH] to incorporate a torsion. Our discussion is 
very close to that of piT!?]. 

Let M be a 4n-dimensional manifold endowed with an almost quaternionic structure Q. Let 
Ji,J2, J3 be an admissible basis of Q defined in some neighborhood of a given point p S M. 
Any linear frame u of TpM can be considered as an isomorphism u : R^" — > TpM. If we pick 
such a frame u we can define a subspace of the space of the all endomorphisms of TpM by 
u{sp{l))u~^ . Clearly, this subset is a quaternionic structure at the point p and in the general 
case this quaternionic structure is different from Qp. We define Q(M) to be the set of all 
linear frames u which satisfy u{sp{l))u^^ = Q. It is easy to see that Q(M) is a principal frame 
bundle of M with structure group GL{n, H)Sp{l), it is also called a GL{n, //)S'p(l)-structure 
on M. 

Let vr : Q(M) — > M be the natural projection. For each u G Q(M) we consider the linear 
isomorphisms j{u) on T^(„-)M defined by j{u) = uJ^u^^. It is easy to see that {j{u))^ = -id. 
For each point p € M we define Zp{M) = {j{u) : u € Q(M),7r(u) = p}. In other words, 
Zp{M) is the space of all complex structures in the tangent space TpM which are compatible 
with the almost quaternionic structure on M. 
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We define the twistor space Z of (M, Q) by setting Z = [j^^j^ Zp{M). Let be the 
stabilizer of J3 in the group GL{n, H)Sp{l). There is a bijective correspondence between the 
symmetric space GL{n, H)Sp{l) / = 5^ = {{x,y,z) e Yi^ \ + + = 1} and Zp{M) 
for each p G M . So we can consider Z as the associated fibre bundle of Q(M) with standard 
fibre GL{n, H)Sp{l,'R)/H3. Hence, Q(M) is a principal fibre bundle over Z with structure 
group i?3 and projection j. We consider the symmetric spaces GL{n,H)Sp{l) / H^. We have 
the following Cartan decomposition gl{n, H) © sp{l) = /13 © ma where 

/is = e gl{n, H) © sp{l) : AJ^ = J^A} 

is the Lie algebra of and 7713 = G 5/(^1-7 H) ffi : AJ3 = —J^A}. It is clear that ma 
is generated by J^, J2 ' i-^- ""^3 = span{J^, J2 }. Hence, if ^ G ms then J^A G ms. 

Let V be a quaternionic connection on M, i.e. V is a linear connection in the principal 
bundle Q(M) (see e.g. [^). Note that we make no assumptions on the torsion or on the 
curvature of V. Keeping in mind the similarity with the 4-dimensional and quaternionic 
geometry [01 ^2 ESI IS] , we use V to define two almost complex structures if and I2 on the 
twistor space Z . The construction of these almost complex structures depends on the choice 
of the quaternionic connection V. 

We denote by A* (resp. B{^)) the fundamental vector field (resp. the standard horizontal 
vector field) on Q(M) corresponding to A G gl{n,H) © sp{l) (resp. ^ G R^"). 

Let u G Q(M) and Qu be the horizontal subspace of the tangent space TuQ{M) induced by 
V (see e.g. flUl ). The vertical space i.e. the vector space tangent to a fibre, is isomorhic to 

{gl{n, H) © sp{l))l = (/is): © (msTu, 

where (/13): = {A^ : A e /13}, ("^3); = {Al : A e ms}. 
Hence, r„Q(M) = {hs)l © {1713)1 © Qu- 
For each u G Q{M), we put 

Vj(u) = j*u{{'m-i)D, Hj(^u) = j*uQu- 

Thus we obtain vertical and horizontal distributions V and H on Z. Since Q(M) is a principal 
fibre bundle over Z with structure group H3 we have Kerj^u = (/i3)Ji- 

Hence Vj(^u) = j*u{m3)l and j*n|(m3);ffiQ„ : ("^a): © Q« — ' '^j{u)Z is an isomorphism. 

We define two almost complex structures if and I2' on Z by 

(3.4) l7ij*uA*) = j.u{JlA)\ lf{j.uA*) = -j.uiJlA)* 

for A G mg,^ G R^". 

For twistor bundles of 4-dimensional Riemannian manifolds the almost complex structure 
J^" is introduced in [S] and the almost complex structure if is introduced in in terms 
of the horizontal spaces of the Levi-Civita connection. It is well known that if^ is integrable 
exactly when the 4-manifold is anti-self-dual [Hj, while if is never integrable The 
almost complex structure /^^ and its integrability for QK spaces is established in (231 
then generalized for quaternionic manifold in |24| . The integrability of if in the case of HKT 
and QKT manifolds is established in ^^El, respectively. The non-integrability of if in 
the case of QK is confirmed in [lOj and the non- integrabihty of if for QKT spaces is done in 

cni- 
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3.1. Dependence on the quaternionic connection. In this section we investigate when 
different almost quaternionic connections induce the same almost complex structure on the 
twistor space over an almost quaternionic manofold. 

Let V and V be two different quaternionic connections on an almost quaternionic manifold 
(M, Q). Then we have 

Vx = Vx + 5x, XeT{TM), 

where Sx is a (1,1) tensor on M and u^^{Sx)u belongs to gl{n, H) (B sp{l) for any u € Q(M). 
Thus we have the splitting 

(3.5) Sx{Y) = 5^(y) + sHX)JiY + s^(X)J2Y + s%X)J3Y, 
where X,Y e T{TM), s' are 1-forms and [5^, Ji] = 0, i = 1, 2, 3. 

Proposition 3.1. Let V and V be two different quaternionic connections on an almost 
quaternionic manifold (M, Q). The following conditions are equivalent: 

i). The two almost complex structures 1^ and if on the twistor space Z coincide, 
a). The 1-forms s^,s^,s^ are related as follows 

s^JiX) = s^{J2X) = s^iJsX), X G r{TM). 

Proof. We fix a point J of the twistor space Z. We have J = ai Ji + a2J2 + with 
af + al + 03 = 1. Let vr : Z — > M be the natural projection and x = it{J). The connection 
V induces a splitting of the tangent space of Z into vertical and horizontal components: 
TjZ = Vj (B Hj. Let v and h be the vertical and horizontal projections corresponding to this 
splitting. Let TjZ = V j (B H j he the splitting induced by V with the projections v and 
h , respectively. It is easy to observe the following identities 

v + h=l 

(3.6) v +h' = 1 

VV = V 

I , I 

V + vn = V 

In fact, Vj = V' J and we may regard this space as a subspace of Q^. We have that 

Vj = {W G I WJ + JW = 0} = {wiJi + W2J2 + wsJs I wiai + ^2^2 + mo-s = 0}, 

where J = ai Ji + 03 J2 + as J3. It follows that for any W E Vj, if (W) = if' {W) = JW. In 
general, for any W G TjZ, we have 

(3.7) 17 (W) = J{vW) + {JTT{W)f 

iY\w) = J{vW) + {J7t{W))''' , 

where {.)'^ (resp. (.)'^ ) denotes the horizontal lift on Z of the corresponding vector field on 
M with respect to V (resp. V ). Using H3.6p . we calculate that 

(3.8) v{iY'w) = J{v'W) + v{J7r{W)f' = J{{v - vh')W) + v{J7r{W))''' = 

v{lYW) - J{vh'w) + v{J7r{W)f' . 
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We investigate the equality 

(3.9) J{vh'w) = v{Jtt{W))''' , W G TjZ. 
Take W = Y^' ,Y € r{TM) in ^ to get 

(3.10) J{vY''') = v{JY)^' , YgT^M 

Hence, (|3.1()|l is equivalent to if = if because of (|3.8|) . 

Let {U, xi, . . . , X4n) be a local coordinate system on M and let y = ^ Y^-^. The hori- 
zontal lift of Y with respect to V' at the point J G Z is given by 

471 rj 3 

(3.11) Yj =E^y'°^)Q^-Y.^sV'yJs 

i=l s=l 

We calculate 

(3.12) v{JY)^' = {JYf - h{JYf = {JYf - {JYf = 

3 

= ^^as{-Sl jyJs^^ jyJs) = -[SjY,J] 

s=l 

On the other hand, we have 

3 

(3.13) J{vY^') = J(Y^' -Y^) = J^^asi-V'yJs + '^YJs) = -J[Sy,J] 

s=l 

Substitute (|3.12p and H3.13jl into (|3.injl to get that if = if is equivalent to the condition 

(3.14) J[5y, J] = [SjY, J], Y€ r{TM), J£Z. 

Now, H3.14|l easily leads to the equivalence of i) and ii). □ 

We note that (j3.14p is discovered in connection with the coincidence of the almost complex 
structures generated by two Oproiu connections in [S]. 

Corollary 3.2. Let V and V be two different quaternionic connections on an almost quater- 
nionic manifold {M, Q) . The following conditions are equivalent: 

i). The two almost complex structures I2 and on the twistor space Z coincide, 
ii). The 1-forms s^,s^,s^ vanish identically, si = S2 = S3 = 0. 

Proof. It is sufficient to observe from the proof of Proposition 13. II that I2 = I2 is equivalent 
to J\Sy^ J] = —[Sjy., J], y G r(rM), J ^ Z . The latter condition implies si = S2 = S3 = 
0. □ 

Corollary 3.3. Let V and V' he two different quaternionic connections with torsion ten- 
sors and , respectively, on an almost quaternionic manifold (M, Q). The following 
conditions are equivalent: 

i). The two almost complex structures Lf and L^ on the twistor space Z coincide. 
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ii). The (0,2)j part with respect to all J & Q of the torsion and coincides, 

(r^)0'2 = (rv')0.2. 

Proof. Let S = V — V. Then we have 

(3.15) T^' {X,Y) =T^ {X,Y) + Sx{Y) - Sy{X). 
The (0, 2) j-part with respect to J of (|3.15p gives 

(3.16) (r^')°'' - {T'^)f = [Sjx, J]Y - J[Sx, J]Y - [5jy, J]X + J[5y, J]X. 
For example, put J = J3 in H3.1f)jl and use the splitting l|3.5jl to obtain 

(3.17) (T^')°f - (r^)°f = {s,{J,X) - S2{X))J2Y - {s^{X) + S2{JsX))J,Y 

-{siiJ^Y) - S2{Y))hX + {siiY) + S2{hY))JiX. 

Hence we get si{JiX) = S2{J2X) is equivalent to (T^ = {T'^)^j'^. 

Similarly, put J = Ji in H3.16|l and using (|3.5|1 one gets s^{J^X) = ^2(^2-^) is equivalent to 
(T^')°f = (r^)°f . Hence, si(JiX) = ^2(^2^) = ^3(^3^) is equivalent to (T^')°f = (r^)°f 

and (T^ = (T^)j^^. The latter conditions imply (T^ = (T^)j^^ since the formula 
(3.4.4) in (Ij) expressing Nj^ by Nj^ and A^j2 holds for the (0,2)j^-part rj,a = 1,2,3, of 
the torsion. It is easy to see that the general formula (6) in jS] which expresses Nj in terms 
of Nj^,Nj^,Nj^ holds also for the (0,2)j-part of any tensor from A^(TM). Applying this 

formula to the (0,2)j-part of the torsion, we conclude that (T^ )j^ = (r^)j^ is equivalent 
to si{JiX) = S2{J2X) = S3{J3X). Proposition 13. II completes now the proof. □ 

3.2. Integrability. In this section we investigate conditions on the almost quaternionic con- 
nection V which imply the integrability of the almost complex structure on Z. We also 
show that I2 is never integrable i.e. for any choice of the almost quaternionic connection V 
it has non- vanishing Nijenhuis tensor. 

We denote by lA'j, i = 1, 2 the Nijenhuis tensors of Ij and recall that 

INi{U, W) = [liU, kW] - [U, W] - Ii[hU, W] - h[U, liW], U,W£ T{TZ). 

Proposition 3.4. Let \7 be a quaternionic connection on an almost quaternionic manifold 
(M, Q) with torsion tensor . The following conditions are equivalent: 

i). The almost complex structure 1^ on the twistor space Z of (M, Q) is integrable. 
ii). The (0,2) j-part (T^)j of the torsion with respect to all J ^ Q vanishes, and the 
(2,0) + (0,2) parts of the Ricci 2-forms with respect to an admissible basis J\,J2,Jz of 
Q coincide, i.e. the next conditions hold 

(3.18) (T^) j'^ = 0, J G Q, 

(3.19) Pa{JcX, JcY) - pa{X, Y) + p,{J,X, Y) + pb{X, J,Y) = 0. 

Proof. Let Ji, J2, J3 be an admissible basis of the almost quaternionic structure Q. 
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Let hor be the natural projection T^Q — > ®Qui with ker{hor) = (/13)*. We define 

a tensor field on Q(M) by 

J*u 

For any U,W £ T{TQ{M)) we define 

IN[{U, W) = hor[l[u, l[W] - hor[horU, horW] - l'i[l[U, horW] - l[[horU, l[W] 
It is easy to check that IN[ is a a tensor field on Q(M). We also observe that 

(3.20) j*u{IN[{U, W)) = IN,{j,uU,j,uW), U,We T„Q(M) 

Let A, B £ 1713 and CiV ^ R^". Using the well known general commutation relations among 
the fundamental vector fields and standard horizontal vector fields on the principal bundle 
Q(M) (see e.g. [2Qj), we calculate taking into account (|H.2()p that 

iN,u,uiA:),j.uiB:)) = o. 

/iVi(j;4^:),j;„(i?(0«)) = o. 

(3.21) [INi{j,^{B{C)u)),j,u{Birj)u))]H = 

j.u{B{-@{B{JlO,B{Jlv)) + Q{B{0,B{rj)) 

+JleiB{jlo,B{rj)) + jlem),BiJlv)))u). 

(3.22) [INi{j.u{B{C)u)),j.u{B{7])u))]v = 

{-p,{B{jU),B{Jlr,))+p,{BiC),B{r^)) 
-p2{BiJlO,Biv)) - P2iB{0,B{4r,))}j,ui4) 
+{-p,iB{JlO, BiJlr^)) + p2{B{C), B{n)) 
+p,{BiJlO,B{v)) + Pi{BiO,B{Jlrjmj,^i4). 

(3.23) IN2U*uiAl),j,uiB{0u)) = -ijUB{AOu) + 0. 
Take X = u{^),Y = u{ri), we see that H3.2H1 and (|3.22p are equivalent to 

(3.24) {T^fjf = T^iJsX, J^Y) - T^{X, Y) - J^T^iJ^X, Y) - J'sT^iX, J^Y) = 0, 

(3.25) (n^)°f = pJihX, ,hY) - pY{X,Y) + pJ{hX,Y)+pJ{X, J^Y) = 0, 
respectively. 

Similarly, we get (nV)"^ = iji^)f^ = iU^)f = and {T^fjf = {T^fjf = {T^f = 0. 
The first equalities imply that (|3.22|l is equivalent to (|3.19|) . We apply to the second equalities 
the same arguments as in the proof of Corollarv 13. 3( i.e. formula (6) in to derive that 
ijOT]! is equivalent to {T'^f/ = for all local J € Q. □ 

The equation H3.23|l in the proof of Proposition 13.41 vield 

Corollary 3.5. Let V be an almost quaternionic connection on an almost quaternionic man- 
ifold (M, Q) with torsion tensor . Then the almost complex structure 1^ on the twistor 
space Z of {M, Q) is never integrable. 

In the 4-dimensional case we derive 
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Theorem 3.6. Let {M^,g) he a 4-dimensional Riemannian manifold with a Riemasnnian 
metric g and let Q he the quaternionic structure corresponding to the conformal class generated 
hy g with a local hasis Ji, J2, J3. Then the following conditions are equivalent 
i). The metric g is anti-self-dual. 

ii). The Ricci forms pi of the Levi-Civita connection satisfy l|H.19|) . i.e. 

pUJcX, JcY) - pUX, Y) + pliJ.X, Y) + pliX, J,Y) = 0. 

Hi). The torsion condition H3.18|l for a linear connection V always implies the curvature 
condition H8.19|l . 

Proof. The proof is a direct consequence of Proposition IH.4( Corolarrv lH.HI and the result in jH] 
which states that the almost complex structure 1^^ is integrable exactly when the conformal 
structure generetaed by g is anti-self-dual. □ 

In higher dimensions, the curvature condition H8.19|l is a consequence of the torsion condi- 
tion (j3.18p in the sense of the next 

Theorem 3.7. Let V he a quaternionic connection on an almost quaternionic 4n- dimensional 
n> 2 manifold (M, Q) with torsion tensor . Then the following conditions are equivalent: 

i) . The almost complex structure if on the twistor space Z of (M, Q) is integrahle. 

ii) . The (0,2) j-part (T^)j^ of the torsion with respect to all J ^ Q vanishes, 

(T^)f = 0, J € Q. 

Proof. Suppose i) holds. Then ii) follows from Proposition 41 

For the converse, HH.18|) and the fact that the connection V is a quaternionic connection, 
V € A(Q), yield the next expression for the Nijenhuis tensor Nj of any local J G Q, 

(3.26) Nj{X, Y) G span{JiX, JiY, J2X, J2Y, J3X, J3Y}, 

where Ji, J2, J3 is an admissible local basis of Q. 

To prove that ii) implies the integrability of L^ , we apply the result in jl| (see also [5]) 
which states that an almost quaternionic 4n-maniofold (n > 2) is quaternionic if and only if 
the three Nijenhuis tensors Ni,N2,N3 satisfy the condition 

(3.27) {Ni{X,Y) + N2{X,Y) + Ns{X,Y)) G span{JiX, J^Y, J2X, J2Y, J3X, J^Y}. 

Clearly, (|3.27p follows from H3.26|l which shows that the almost quaternionic 4n-manifold 
(n > 2) (M, Q) is a quaternionic manifold. Let V'^ be a torsion-free quaternionic connection 
on (M, Q). Then the almost complex structure lY on the twistor space Z is integrable [21] 
and lY = lY due to Corolarry 13.31 

Hence, the equivalence between i) and ii) is established, which completes the proof. □ 

Prom the proof of Proposition 13.41 and Theorem 13. 7( we easily derive 

Corollary 3.8. Let V he an almost quaternionic connection on an An- dimensional (n > 2) 
almost quaternionic manifold (M, Q) with torsion tensor . Then the torsion condition 
H3.18|l implies the curvature condition H3.19|l . 

We note that Corollary 13.81 generalizes the same statement derived in the case of QKT- 
connection on QKT manifolds in |19| . 
Theorem 13.71 and Corollary 13.31 imply 
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Corollary 3.9. Let (M, Q) be an almost quaternionic manifold. Among the all almost complex 
structures lY,^ G A(Q) on the twistor space Z at most one is integrable. 

The proof of the next theorem follows directly from the proof of Theorem 18. 71 Theorem 13 .61 
and Corollary 18.91 

Theorem 3.10. Let (M, Q) be an almost quaternionic An-manifold. The next two conditions 
are equivalent: 

1) . Either (M, Q) is a quaternionic manifold (if n > 2) or (M, Q = [g]) is ant-self dual 

for n = 1 . 

2) . There exists an integrable almost complex structure if on the twistor space Z which 

does not depend on the quaternionic connection V. 

4. Quaternionic Kahler manifolds with torsion 

An almost quaternionic Hermitian manifold {M,Q,g) is called quaternionic Kahler with 
torsion (QKT) if there exists a an almost quaternionic Hermitian connection V"^ G ^(2) 
whose torsion tensor T is a 3-form which is (1,2)+(2,1) with respect to each Ja ^Sj, i.e. the 
tensor T{X,Y,Z) := g{T{X,Y), Z) is totally skew-symmetric and satisfies the conditions 

T{X, Y, Z) = T{JaX, JaY, Z) + T{JaX, Y, JaZ) + T{X, JaY, JaZ), a = 1,2, 3. 

We recall that each QKT is a quaternionic manifold due to an observation made in |18| . 
The condition on the torsion implies that the (0,2)-part of the torsion of a QKT connection 
vanishes. Applying Theorem 13. 7( we obtain 

Theorem 4.1. Let {M, Q, V"^) be a QKT and E A(Q) be a torsion-free quaternionic con- 
nection. Then the complex structure lY on the twistor space Z constructed in [16] coincides 
with the complex structure lY constructed in |24| . 
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